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The detailed mean-field treatment of the Bose polaron problem in two and three dimensions is
presented. Particularly, assuming that impurity is immersed in the dilute Bose gas and interacts
with bosons via the hard-sphere two-body potential, we calculate the low-momentum parameters of
its spectrum, namely, the binding energy and the effective mass. The limits of applicability of the
mean-field approach to a problem of mobile impurity in Bose-Einstein condensates are discussed by
comparing our results to the Monte Carlo simulations data.
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I. INTRODUCTION
It always captures our imagination when simple and
physically clear arguments are used to get more insight
in a problem. If these arguments are additionally sup-
ported by the comparatively simple calculations which
correctly explain an experimental situation or reproduce
(at least qualitatively) results of essentially exact numer-
ical methods we are twice happily. One of such an ef-
fective tool in context of many-body physics is the mean
field (MF) approximation, which in its different realiza-
tions can describe on qualitative level a variety of the es-
sentially quantum phenomena such as magnetism, super-
fluidity and superconductivity. The MF approximation
in the theory of Bose systems, that is usually associated
with Gross [1] and Pitaevskii [2] on their study of the
quantized vortices in dilute gases, has found its applica-
tion, after the realization of the Bose-Einstein condensa-
tion of alkali atoms more than two decades ago, in the
description [3] of ultracold trapped quantum gases.
Besides of explicit accounting for the external trapping
potential and description of topologically non-trivial ob-
jects in dilute Bose condensates in low dimensions or re-
stricted geometries, the MF was shown [4] to be useful in
the Bose polaron problem. Being able to describe both
the self-localization phenomenon [5–10] and translation-
invariant [11] states of impurity by an appropriate choice
of the wave function, the MF approximation was demon-
strated [12–14] to be quite accurate analytical tool in the
problem of one dimension (1D) Bose polaron. In recent
years a single impurity atom immersed in Bose conden-
sates have attracted much attention not least because
of the experimental realization of 3D [15, 16] Bose po-
larons. Equilibrium properties of these system in 3D are
explored theoretically at zero [17–29] and finite [30–33]
temperatures, and the dynamics is well understood [34–
40]. A characteristic feature of the many-body physics
∗e-mail: volodyapastukhov@gmail.com
in high dimensions is the presence of few-particle effects,
fingerprints of which can be detected [41–45] in the Bose
polaron behavior. Although the experimental realization
of 2D Bose polarons is lacking (in part because of break-
down [46] of the quasiparticle picture at any finite tem-
peratures), theoretical efforts in this direction have been
made [47–49]. A more deep insight in the ground-state
properties of impurity immersed in 2D Bose condensates,
however, can be obtained by means of Monte Carlo (MC)
simulations, which were recently reported by two groups
[50, 51].
It was shown in our recent article [52] that applica-
tion of the MF approximation to the problem of 1D Bose
polaron leads to the reasonable low-momentum impurity
spectrum. A quite satisfactory coincidence with the re-
sults of MC simulations [53, 54] were found for an impu-
rity immersed both in the system of weakly-interacting
bosons and in the Tonks-Girardeau gas. The objective
of present article is to extend our previous MF analy-
sis to the Bose polaron problem in higher dimensions.
It should be noted that the utilized here extended MF
approach is not equivalent to the perturbation theory
[17, 22, 46, 55, 56] even at weak boson-impurity inter-
actions, but it is the simplest analytical method that
provides a non-perturbative predictions in the strong-
coupling limit. Furthermore, being combined with the
local density approximation, the MF gives a qualitative
correct insight in a behavior of impurities in the systems
for which the consistent microscopic description is lack-
ing.
II. MODEL
A. Basic equations
The system to be discussed is a single impurity
atom immersed in the D-dimensional (two- and three-
dimensional) Bose environment at absolute zero. It is
assumed the thermodynamic limit, i.e., the whole system
is loaded in large volume LD with periodic boundary con-
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2ditions. Particularly, we are going to explore properties
of a semi-phenomenological model with the Hamiltonian
H = − ~
2
2mI
∂2
∂r2I
+HB +
∫
drΦ(|rI − r|)n(r), (2.1)
where the first term is kinetic energy of impurity with
position rI and mass mI . The Hamiltonian of Bose sub-
system
HB =
∫
dr
{
− ~
2
2m
ψ+(r)∇2ψ(r) + E [n]
}
, (2.2)
goes back to seminal work of Landau [57] on his the-
ory of superfluidity of liquid 4He, describes N bosons of
mass m with E [n] being the normal-ordered energy den-
sity of the uniform system at rest. The field operators
ψ+(r), ψ(r) obey standard bosonic commutation rela-
tions [ψ(r), ψ+(r′)] = δ(r − r′) and [ψ(r), ψ(r′)] = 0,
while n(r) = ψ+(r)ψ(r) denotes the local density of
bosons. The third term in Hamiltonian (2.1) stands for
the Bose-system-impurity interaction with hard-sphere
(hard-disk in 2D) two-body potential
Φ(r) =
{∞, r ≤ aI
0, r > aI
. (2.3)
The non-commutativity of the first and third terms
in (2.1) makes the further consideration quite cumber-
some, therefore, in order to overcome this difficulty we
perform the Lee-Low-Pines [58] transformation, HU =
U+HU , originally proposed in the polaron problem,
where U = exp {irI(p−P)/~} with operator P =∫
drψ+(r)(−i~∇)ψ(r) that denotes the momentum car-
rying by Bose particles. The unitary-transformed Hamil-
tonian
HU =
p2
2mI
+HB +
∫
drΦ(r)n(r) + ∆HU , (2.4)
commutes with −i~ ∂∂rI , which eigenvalue can be chosen
arbitrary (zero in our case), but contains additional terms
∆HU = −pP
mI
+
P2
2mI
. (2.5)
It is easy to show that the expectation value of total
momentum −i~ ∂∂rI +P of the system, which we associate
with impurity motion, is equal to p. In the following we
mainly focus on properties of almost motionless impurity,
i.e. p ' 0, which means that the average counterflow
of bosons 〈P〉 is also almost zero. Note, however, that
because of quantum effects 〈P2〉 does not disappear even
when momentum of impurity is exactly zero.
The time evolution of the field operator can be deduced
by using the standard quantum-mechanical prescription
i~
∂
∂t
ψ(r, t) = [ψ(r, t), HU ] = −~
2∇2
2mr
ψ(r, t)
+Φ(r)ψ(r, t) + E ′[n]ψ(r, t) + i~
mI
(p−P)∇ψ(r, t),(2.6)
wheremr = mIm/(mI+m) is the reduced mass and E ′[n]
represents (the normal-ordered) derivative of the energy
density with respect to n. It should be noted that till now
our consideration is the exact one, and no approximations
were made. Indeed, by performing the Lee-Low-Pines
transformation we get rid of the explicit dependence on
the impurity position rI in Hamiltonian HU (formally the
impurity is now placed at the origin). The price to pay
for these simplifications is that the unitary-transformed
Hamiltonian necessarily includes extra term ∆HU , where
the second term involves additional kinematic interaction
between bosons.
B. MF approximation for motionless impurity
The mean-field ansatz suggests [59] that the field op-
erator ψ(r, t) in Eq. (2.6) can be replaced by complex
function e−iµt/~φ(r) with µ being the chemical potential
that fixes the average density of the system. In general,
the obtained MF equation is very complicated and can
be exactly solved only in 1D [52], but for motionless im-
purity p = 0 the wave function φ(r) is determined by
much more simple equation
−~
2∇2
2mr
φ(r) + Φ(r)φ(r) + E ′[n]φ(r) = µφ(r), (2.7)
and can be chosen to be real-valued. The latter con-
dition automatically rejects the topologically non-trivial
solutions [60] of Eq. (2.6). Formally, n(r) = |φ(r)|2 rep-
resents the density profile of bosons in the external po-
tential of impurity, which in turn, placed at rI = 0.
When Φ(r) = 0, the solution of Eq. (2.7) is obvious
φ(r) = const. Importantly, the quantum-mechanical ex-
pectation value of the local density operator 〈ψ+(r)ψ(r)〉,
where 〈. . .〉 necessary contains an averaging both over the
bosonic and the impurity states, is always constant and
equal to n¯ = 1
LD
∫
drn(r). This is a direct consequence of
the continuous translation symmetry of the model. How-
ever, keeping in mind Eq. (2.7), it is convenient to refer
to quantity n(r) as a density profile of bosons.
Having calculated n(r), we are in position to obtain
the energy of the system ‘Bose particles + impurity’
E = µN +
∫
dr {E [n]− nE ′[n]} . (2.8)
Then, subtracting the MF energy of ‘pure’ bosons from
E we get the impurity binding energy εI .
Because the solution of Eq. (2.7) is a non-uniform
in the presence of an impurity, it is also instructive
to calculate the quasiparticle residue, which is deter-
mined by the modulus squared of the wave-function over-
lap, Z =
∣∣∫ drI〈Ψ0|Ψ〉∣∣2. Here |Ψ〉 = (b˜+0 )N√
LDN !
|vac〉 and
|Ψ0〉 = (b
+
0 )
N
√
LDN !
|vac〉 are the transformed MF ground-state
wave functions of ‘N bosons + impurity’ with zero and
non-zero Φ(r), respectively. Here |vac〉 is the normalized
3vacuum state, and bosonic creation operators are related
to the field operator in conventional way
b+0 =
1√
LD
∫
drψ+(r), b˜+0 =
1√
N
∫
drφ(r)ψ+(r),(2.9)
where φ(r) is the solution of Eq. (2.7). Explicit calcula-
tions of the overlap then yield∫
drI〈Ψ0|Ψ〉 =
{
1√
NLD
∫
drφ(r)
}N
, (2.10)
assuming that φ(r) is real function we finally obtain the
quasiparticle residue in thermodynamic limit N  1
Z = exp
{
−
∫
dr
(√
n−√n∞
)2}
, (2.11)
where n∞ = n(r →∞). Equations (2.9) readily provide
the meaning of function φ(r). The lowest single-particle
energy level of bosons described by Hamiltonian HU with
weak inter-particle interaction and Φ(r) = 0 is constant
1/
√
LD, while φ(r) should be treated as the transformed
(unnormalized) wave function of a single boson in the
presence of impurity located at the origin. The weak
repulsive potential among bosons is very important, be-
cause it automatically rejects any collapsed BEC states
[61], when all non-interacting Bose particles simultane-
ously form bound states with impurity. It worth not-
ing that the impurity also slightly deforms the excitation
spectrum of Bose system, which can be calculated by
means of the Bogoliubov-de Gennes formalism [62, 63].
C. Effects of slow impurity motion
At small but non-zero p the impurity energy increases
parabolically
εI(p) = εI +
p2
2m∗I
+O(p4), (2.12)
where m∗I is the effective mass which takes into account
the interaction with Bose medium. It is easy to show
by using naive speculations that the MF effective mass
is always larger than ‘bare’ impurity mass. Indeed, for
the repulsive boson-impurity interaction the moving par-
ticle has to push apart the surrounding bosons which
leads to effective increase of its inertial mass. For the at-
tractive boson-impurity potential, on the other hand, one
may think that bosons stick to impurity providing that it
gains some additional mass. In both cases, however, the
motion of impurity causes the non-zero average bosonic
flow 〈P〉, which necessary decreases the energy of the
whole system. Actually, the occurrence of the directed
motion of Bose particles is responsible for the value of
the effective mass
mI
m∗I
= 1− 1
D
(
∂
∂p
〈P〉
)
p=0
. (2.13)
So, in order to calculate the average momentum of
Bose system we have to solve the Gross-Pitaevskii-
like equation (2.6) with non-zero p. The stationary
solution are most simply written in exponential form
e−iµt/~|φ(r)|eiΘ(r), where the phase
~∇{n(r)∇Θ(r)} = mr
mI
(p− 〈P〉)∇n(r), (2.14)
satisfies linear equation for any magnitude of p, while the
squared amplitude n(r) of the wave function is always
determined by the nonlinear one. For the calculations of
the effective mass, however, we only need to know the
leading-order small-p behavior of phase field
Θ(r)|p→0 → mr
m∗I
pr
~
θ(r), (2.15)
where p/m∗I = (p − 〈P〉p→0)/mI , and θ(r) is spheri-
cally symmetric function. Substitution of ansatz (2.15)
in Eq. (2.14), where n(r) is the spherically symmetric
solution of Eq. (2.7), leads to ordinary second-order dif-
ferential equation
r
d
dr
(
n
dθ
dr
)
+Dn
dθ
dr
+
d (nθ)
dr
=
dn
dr
, (2.16)
The above equation is readily solved analytically in one-
dimensional case (D = 1), while in higher dimensions
we can only obtain numerical solutions. But behav-
ior of function θ(r) at large distances can be evaluated,
θ(r) ∼ AD/rD, because typically local density of bosons
n(r) exponentially reaches a constant value at large dis-
tances from impurity. In what follows that integral,
〈P〉 = ~ ∫ drn∇Θ, which determines the average Bose
system’s momentum is formally divergent (because the
result depends on sequence of integration). Exactly the
same situation is realised in classical hydrodynamics [64]
during the calculations of momentum carrying by the liq-
uid that is disturbed by a rigid body that moves with a
constant velocity. Nevertheless this momentum is finite,
and in order to calculate it at small p we multiply the
both sides of Eq. (2.14) by −~Θ(r)/mr and integrate over
the volume (area in 2D) of sphere (disk) of large radius
R
~2
mr
∫
r≤R
drn(∇Θ)2 = p〈P〉
m∗I
. (2.17)
An integral in the l.h.s of this equation can be identically
rewritten as follows∫
r≤R
drn(∇Θ)2 =
∫
r≤R
drnu2
+
∫
r≤R
drn(∇[Θ + ur])∇[Θ− ur], (2.18)
with u being arbitrary constant vector. The integrand in
the last term organizes in the divergence of some vector
4field if we choose ~u = pmr/m∗I and then by using the
Gauss theorem we obtain∫
r≤R
drnu2 +
∫
r=R
dSn(Θ + ur)(∇Θ− u)
= u2
mI
mr
∆D, (2.19)
where additional notation is used
∆D =
mr
mI
{∫
dr(n− n∞)− ΩDADn∞
}
, (2.20)
with ΩD being the solid angle in D dimensions. In 3D
this formula was derived for a first time but in a different
way by Gross [65, 66] in context of a single ion immersed
in superfluid 4He. Combining everything together we
obtain, after some algebra, the average momentum of
bosons
〈P〉 = p∆D
1 + ∆D
, (2.21)
valid up to leading order at small p and immediately the
Bose polaron effective mass (2.13)
m∗I
mI
= 1 + ∆D. (2.22)
Importantly that parameters of the low-energy impurity
spectrum, namely, the binding energy and the effective
mass fully depend on the density profile of Bose particles
with the immersed motionless impurity. The calculations
of the effective mass additionally require the knowledge
of the boundary-condition dependent constantAD, which
in turn, requires solution of Eq. (2.16) for a fixed density
profile n(r) of bosons.
From practical point of view it is more convenient
to use another (nonetheless an equivalent) way of the
effective mass computations. The formal solution of
Eq. (2.14) is a sum of general solution of homoge-
neous equation, Θ0(r), and partial solution of the non-
homogeneous one, which is most easily constructed by
the Green function method
~Θ(r) = ~Θ0(r) +
mr
m∗I
∫
dr′G(r, r′)p∇′n(r′), (2.23)
where symmetric function G(r, r′) satisfies an equation
∇{n(r)∇}G(r, r′) = δ(r − r′). The later substitution
in the l.h.s of Eq. (2.17) with the following integration
by parts and averaging over the directions of p yield the
formal formula for the effective mass parameter
∆D =
mr
mI
1
D
∫
dr(∇n) 1−∇n∇ (∇n). (2.24)
Note that Θ0(r) fell out of final result. When the boson-
impurity interaction is weak (aDI n¯  1), Bose particles
are almost undisturbed and their local density slightly
differs from the average one n¯. It is believed then one can
expand n(r) = n¯+δn(r) in the denominator of Eq. (2.24)
and treat δn(r)/n¯ as a ‘small’ parameter. A few first
terms of this series expansion preliminary converted in
the Fourier space read
∆D =
mr
mI
∫
dr
(δn)2
Dn¯
{
1− δn
Dn¯
+
(
δn
Dn¯
)2
± . . .
}
.(2.25)
In such a way it could be explicitly shown for all higher-
order terms with increasing powers of δn/n¯ that the out-
lined tendency is preserved and we finally obtain
∆D =
mr
mI
∫
dr
(δn)2
Dn¯+ δn
. (2.26)
The latter expression is one of the central results of
present study which in a case of D = 1 reproduces re-
cently published [13, 52] formula for the MF impurity
effective mass in one dimension. Another interesting
and analytically tractable example is the limit of almost
incompressible Bose medium (for instance, liquid 4He),
where
n(r) '
{
0, r ≤ aI
n¯, r > aI
, (2.27)
and the appropriate effective mass
m∗I
mI
' 1 + mr
mI
ΩDa
D
I n¯
(D − 1)D, (2.28)
up to a factor mr/mI in the second term coincides with
the virtual mass of sphere moving in ideal classical fluid.
III. NUMERICAL RESULTS AND DISCUSSION
A. 3D system
The 3D Bose polaron is the most well-studied both
experimentally and theoretically system of an impurity
immersed in an environment formed by weakly-[55, 56]
and strongly-interacting [67] bosons. Our MF treatment
of this problem requires knowledge of the energy density
of 3D Bose system alone. Although we focus on the dilute
limit, where energy density is given by
E [n] = 2pi~
2a
m
n2, (3.29)
(here a is the s-wave scattering length) the presented
formulation can be extended [68] to the so-called unitary
limit, where formally a→∞ and E [n] ∝ n5/3 in 3D. The
next step, after identifying of E [n], is to calculate the
ground-state wave function φ(r), i.e., to solve Eq. (2.7),
which in dimensionless units looks as follows
−1
2
d2φ˜
dx2
− 1
x
dφ˜
dx
+ φ˜3 = φ˜, (3.30)
5where φ(r) =
√
n∞φ˜(κr), x = κr, κ2 = mrµ/~2,
µ = 4pi~2n∞/m and we only seek for the spherically
symmetric solutions. This equation should be supple-
mented by the boundary conditions φ˜(κaI) = 0 and
φ˜(∞) = 1, while the density of bosons at infinity n∞
and the chemical potential should be related to average
density n¯L3 = n∞
∫
drφ˜2(κr). For the numerical cal-
culations we chose the following set of parameters [25]:
na3 = 10−5, mI = m. And varying the radius of hard-
sphere potential aI in units of bosonic scattering length a
we have obtained the appropriate density profiles |φ(r)|2
that allowed us to calculate parameters of the impurity
spectrum εI (2.8) and m
∗
I (2.22), (2.26) as well as quasi-
particle residue Z (2.11). The results are presented in
Figs. 1, 2, 3. Particularly, in Fig. 1 black squares de-
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FIG. 1: Binding energy of the repulsive 3D Bose polaron ver-
sus its radius aI/a for two values of dimensionless bosonic
coupling na3 = 10−5 (solid line) and na3 = 10−4 (dashed
line). Squares represent results of the MC simulations from
[25] for the hard-sphere model.
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FIG. 2: Inverse effective mass and quasiparticle residue of an
impurity immersed in dilute 3D Bose gas, na3 = 10−5.
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FIG. 3: Inverse effective mass and quasiparticle residue of an
impurity immersed in 3D system of bosons with gas parameter
na3 = 10−4.
note the Bose polaron binding energy obtained in MC
simulations [25]. It is worth mentioning that the effec-
tive mass presented in [25] was calculated for the model
with square-well boson-impurity potential, therefore not
presented here [69]. For comparison, we have also plotted
parameters of the impurity spectrum when the interac-
tion between bosons is a bit stronger, na3 = 10−4. In this
case the MF calculations are also believed to be valid be-
cause the beyond-mean-field correction to the chemical
potential of the uniform Bose system is only of order 6%
magnitude.
B. 2D system
The MF energy density of 2D Bose gas which is valid
only in the extremely dilute limit na2  1 reads [70–73]
E [n] = 2pi~
2n2/m
| lnna2| , (3.31)
where s-wave scattering length a characterizes short-
range interaction between particles in 2D. Substituting
this expression in Eq. (2.7) and neglecting subleading
terms of order 1/| lnna2|2 in E ′[n] we obtain the second-
order nonlinear differential equation [here x and κ are
the same as in 3D case, but µ = 4pi~2n∞/(m| lnn∞a2|)]
−1
2
d2φ˜
dx2
− 1
2x
dφ˜
dx
+
φ˜3
1 + | ln φ˜2|/| lnn∞a2|
= φ˜ (3.32)
that should be solved with the same as Eq. (3.30) bound-
ary conditions. Again, with the bosonic density profiles
in hands we numerically computed low-momentum char-
acteristics of the 2D Bose polaron (see Figs. 4,5,6). In
order to make connection to results of recent MC simula-
tions [50] of impurity in 2D system of bosons we took the
same set of parameters, characterizing the system under
60 1 2 3 4 5 6 70
5
1 0
1 5
2 0
2 5
3 0
3 5
4 0
+ 1 0 - 5  P T M F M C M C
l n ( a I  / a )
  h 2
2 m a 2
FIG. 4: Binding energy of the 2D Bose polaron as a function
of aI/a at fixed dimensionless bosonic coupling na
2 = 10−5
(solid line). Results of the MC simulations [50] for a model
with the short range boson-impurity repulsion and two types
of trial wave functions are denoted by circles and squares, re-
spectively. Dashed line represent the first-order perturbation
theory (PT) calculations [46].
0 1 2 3 4 50 , 0
0 , 5
1 , 0
1 , 5
2 , 0
2 , 5
3 , 0
l n ( a I  / a )
 M C M F P T
m *I  / m I
FIG. 5: The 2D Bose polaron inverse effective mass at dimen-
sionless boson-boson coupling na2 = 10−5. Squares stand for
the MC data and are taken from [50]. Solid and dashed lines
are the results of present MF calculations Eq. (2.26) and the
first-order perturbation theory [46], respectively.
consideration, namely, na2 = 10−5 and mI = m. This
is a very important test for our MF approach because in
their MC study [50] the authors used hard-disk poten-
tial for modeling both the boson-boson and the boson-
impurity two-body interactions. Of course, the magni-
tude of dimensionless inter-boson coupling na2 = 10−5
is too large to describe bosons accurately by the MF en-
ergy density (3.31) and one has to take into account the
beyond-MF corrections [72, 73] in Eq. (3.32). It is un-
derstood, however, that the qualitative MF picture of the
impurity behavior will not be changed even in the latter
0 2 4 6
0 , 0
0 , 2
0 , 4
0 , 6
0 , 8
1 , 0  M F P TZ
l n ( a I  / a )
FIG. 6: The quasiparticle residue of an impurity immersed
in 2D bosonic system with gas parameter na2 = 10−5. Solid
and dashed lines display the present calculations and the per-
turbative result [46], respectively.
case. The MC calculations of the binding energy of 2D
Bose polaron were performed in [50] for two types of wave
functions and therefore two types of symbols are plotted
in Fig. 4. We also supplied figures with curves (dashed
lines) representing the perturbation theory calculations
[46] valid for extremely dilute Bose systems and weak
boson-impurity repulsion. The latter restriction is cru-
cial, because values ln(aI/a) = 5÷6 are limiting ones for
the perturbative results. Particularly, starting from this
region the effective mass and the quasiparticle residue
behave unphysically. In contrast, our MF calculations
are free of these shortcomings and can be applied for de-
scription (at least qualitative) of Bose polarons at any
magnitude of fraction aI/a.
One typically believes that the MF approximation
should be working better for an extremely dilute bosonic
environments. It is instructive, therefore, to test our re-
sults by comparison with the MC simulations of the 2D
Bose polaron performed in Ref. [51]. The dimension-
less boson-boson coupling parameter was chosen there
to be na2 = 10−40, while the boson-impurity interac-
tion was taken into account by the 2D analogue of the
Bethe-Peierls boundary condition. This pseudo-potential
approximately models the two-body spherical-well poten-
tial, and at small s-wave scattering lengths can be effec-
tively used instead of a hard-sphere interaction. But it is
not well-suited for our formulation, where the non-linear
terms in Eqs. (3.30), (3.32) provide strong singularities
at the origin. Numerical results of the MF calculations
together with the first-order perturbative curves [46] for
the parameters of the Bose polaron spectrum and for its
residue are presented in Figs. 7,8,9. Here we again as-
sumed the equal mass mI = m limit and introduced the
auxiliary scale k0 =
√
2pin. Although, the hard-sphere
interaction is not equivalent to the pseudo-potential pro-
vided by the Bethe-Peierls boundary condition and par-
7- 1 0 - 8 - 6 - 4 - 2 00 , 0
0 , 2
0 , 4
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0 , 8
1 , 0
 M F
  M C  P T
l n ( k 0 a I  )
  h 2 k 202 m
FIG. 7: Energy of an impurity immersed in the dilute 2D Bose
gas (na2 = 10−40) versus dimensionless parameter ln(k0aI)
(solid line). Squares stand for the MC results from Ref. [51],
while dashed line represent the first-order perturbation theory
calculations [46].
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FIG. 8: Impurity effective mass at dimensionless boson-boson
coupling na2 = 10−10. Notations are similar to those in Fig. 7.
ticularly cannot describe the system at large positive
ln(k0aI), we see that the MF approximation gives a bet-
ter agreement with MC results than the standard pertur-
bative theory especially when the boson-impurity inter-
action increases.
The most unexpected consequence of the whole pre-
vious analysis is that in general the MF approximation
in context of the impurity immersed in 2D and 3D Bose
gases demonstrates worse consistence with MC results in
comparison with its application to the 1D Bose polaron
problem [52]. This might look particularly strange be-
cause there is always a thought that the MF should work
better in higher dimensions. So, what is wrong with MF
in this case? To answer this question we first would like
to stress that physics of Bose gas itself is much more com-
plicated in higher dimensions than in 1D. Even when the
- 1 0 - 8 - 6 - 4 - 2 0 2 40 , 0
0 , 2
0 , 4
0 , 6
0 , 8
1 , 0
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l n ( k 0 a I )
Z
FIG. 9: The quasiparticle residue of the 2D Bose polaron at
na2 = 10−40. Squares, and dashed line stand for the MC data
[51] and the perturbation theory results [46], respectively.
system is dilute enough the echoes of many-body effects
are tangible in the thermodynamics of bosons. In order
to argue the latter statement let us recall that the pertur-
bative result for the ground-state energy of 1D Bose gas
has much more vast region of applicability than its high-
dimensional counterparts. This suggests that few-body
quantum effects in higher dimensions which are typically
missed in the MF treatment should also affect the polaron
properties. In contrast, in 1D the first quantum correc-
tions to the impurity spectrum were recently found [74]
to be relatively small. The possible way for an inclu-
sion of the many-boson effects is to extend the presented
MF treatment to the so-called local density approxima-
tion. Technically this approximation is nothing but the
replacement of the MF energy density of bosons in Hamil-
tonian (2.2) by more sophisticated formula, which neces-
sarily contains corrections due to quantum fluctuations.
IV. CONCLUDING REMARKS
In summary, we have proven by calculating parame-
ters of the low-momentum spectrum of a single impurity
immersed in dilute two- and three-dimensional Bose con-
densates that the mean field approximation is a promis-
ing semi-quantitative tool for analysis of various aspects
of the Bose polaron problem even in the strong-coupling
regime. The main advantage of this approach is its sim-
plicity which in combination with very clear physical in-
terpretation give hope for further application to the im-
purity problem in strongly-interacting Bose condensates
and fermionic superfluids. Our study also provides the
indirect evidence of importance of the quantum fluctu-
ations for the accurate quantitative description of Bose
polarons in two and three dimensions. Having analyzed
parameters of the impurity spectrum we can make con-
clusions about a general tendency of the mean field re-
8sults. Particularly, comparing the calculated binding en-
ergy and the effective mass with the results of Monte
Carlo simulations both in two and three dimensions, we
have found out that the mean field approximation always
provides the lower bond for these two parameters, while
slightly overestimating a magnitude of the quasiparticle
residue.
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